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AbstractÐThe expression characteristics of original and freeze/thaw conditioned waste activated sludges
were experimentally evaluated. Results in this study indicate that the ®rst two stages of expression (pri-
mary and secondary consolidation) are similar to those of a particulate system, on which the model
analysis by Shirato et al. (1974) is applicable. In the ®nal phase of the expression of biological sludge,
however, an unexpected constant-rate consolidation period, termed herein the ternary consolidation
period, is observed. A modi®ed combined Terzaghi-Voigt rheological model is proposed to describe the
relation between void ratio and compressive pressure of the sludge cake. Whereas the resulting govern-
ing equation is solved analytically and the model parameters are found by regression analysis. The tern-
ary consolidation is speculated to arise from the erosion of strongly bound moisture from the biological
particles. # 1998 Elsevier Science Ltd. All rights reserved
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NOMENCLATURE

A parameter de®ned in equation (A2), mÿ1

ac compressibility coe�cient of secondary consolidation de®ned
as (1 + e)/E2, Pa

ÿ1

aE compressibility coe�cient of primary consolidation de®ned
as (1 + e)/E1, Pa

ÿ1

aG compressibility coe�cient of ternary consolidation de®ned as
(1 + e)/G3, Pa

ÿ1sÿ1

B the ratio of secondary consolidation to the total
consolidation, -

Ce modi®ed consolidation coe�cient based on speci®c solid
volume, (m2/s)

D1n parameter de®ned in equation (A14), -
D2n parameters de®ned in equation (A15), -
E1 rigidity of Terzaghi element, Pa
E2 rigidity of Voigt element, Pa
e local void ratio, -
e1 initial void ratio, -
F parameter de®ned as F= igy*

c/K, -
G2 viscosity of Voigt element of secondary consolidation, Pa-s
G3 viscosity of Voigt element of ternary consolidation, Pa-s
i number of drainage surfaces, -
K parameter de®ned as K= 1 + b+ igy*

c, -
L cake thickness, m
L1 initial cake thickness, m
Lf ®nal cake thickness, m
P applied pressure, Pa
PS local solid compressive pressure, Pa
PSi local solid compressive pressure of material at beginning of

consolidation, Pa
q(s) function de®ned in equation (A9), sÿ1

r(s) function de®ned in equation (A8), sÿ1

S3 shear strain of the dashpot, -
s variable of Laplace transform, sÿ1

Uc consolidation ratio, -
u local apparent relative velocity of liquid to solid, m/s
aav average speci®c resistance of cake, m/kg
b parameter de®ned as aC/aE, -
g parameter de®ned as g = aG/aE, s

ÿ1

l root for q(s) = 0 as de®ned in equation (A12), sÿ1

Z creep constant de®ned by Z= E2/G2, s
ÿ1

t variable of Laplace transform, s
yc consolidation time, s
y*
C the end of consolidation time, s
m viscosity of liquid, Pa-s
rS true density of solid, kg/m3

o variable of indicating an arbitrary position in cake, m
o0 total solid volume in cake per unit sectional area, m
x dummy variable, m

INTRODUCTION

Owing to the relatively low energy consumption
rate involved, compared with the thermal dewater-
ing methods, expression by mechanical pressure is

widely employed in industries to separate liquid
from a cake (Tiller and Yeh, 1987).
In recent decades, most research works on ex-

pression has been undertaken by Japanese research-
ers Shirato and Murase. In 1965, they employed the
Terzaghi spring analogy to analyze the constant
pressure expression process from which they

obtained a simple analytical solution for primary
consolidation. In 1974, to incorporate the creep
e�ect in consolidation process, Shirato et al. (1974)

adopted the Voigt element in modeling the second-
ary consolidation and obtained a complicated sol-
ution for the combined Terzaghi-Voigt model with

three parameters (B, Z, and Ce). B and Z represent
respectively the fraction of the secondary consolida-
tion to the overall consolidation and the ratio of

the rigidity and the viscosity of the Voigt model.
The coe�cient of consolidation, the Ce value,
accounts for the combined e�ect for cake speci®c
resistance and the primary consolidation period.
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(Note: the combined Terzaghi-Voigt model is a phe-

nomenological model that lacks theoretical basis.

The spring element in Terzaghi model accounts for

the elastic behavior of cake, whose action under

loading is referred to as the ``primary consolida-

tion''. The dashpot and spring elements in the

Voigt model account for the viscous behavior,

whose action under loading is referred to as the

``secondary consolidation''.)

At in®nite expression time limit and assuming

that the viscosity of the dashpot in the Voigt model

is much larger than the spring rigidities, the follow-

ing simple asymptotic solution is obtained:

Uc � 1ÿ B exp�ÿZyc�: �1�
where Uc is the consolidation ratio de®ned as

(L1ÿ L)/(L1ÿLf), L is the cake thickness at conso-

lidation time yc and L1 and Lf are the initial and

equilibrium cake thickness, respectively.

Equation 1 is found to be e�ective with several

common particulate systems, such as kaolin or clay

slurries (Chang et al., 1997a, b). The corresponding

B and Z coe�cients were determined (Shirato et al.,

1977, 1978, 1979). The third parameter Ce can be

estimated by a graphical method (Shirato et al.,

1970).

Many expression applications are devoted to the

mechanical dewatering of biological sludge cakes

(Vesilind, 1979). Several distinct features make the

biological sludge systems very di�erent from con-

ventional particulate systems. For example, the

highly porous, fractal-like ¯oc interior structure (Li

and Ganczarczyk, 1989, 1990), the high resistance

to dewatering (Chen et al., 1996a), and a large

amount of so-called ``bound water'' (Vesilind,

1994). The bound water content has been observed

to correlate strongly with the performances of many

sludge processes (Drost-Hansen, 1977, Katsiris and

Kouzeli-Katsiri, 1987, Robinson and Knocke,

1992). The use of an expression for estimating

bound water content in sludge has been recently

reported (Lee, 1994a; Lee and Hsu, 1994, 1995; Lee

and Lee, 1995; Chen et al., 1997). Kawasaki et al.

(1990, 1994) provided the ®rst experimental and

theoretical study on biological sludge expression.

They concluded that, except in the ®nal phase of

expression (Uc>0.8), the conventional Terzaghi-

Voigt type analysis originally proposed for inor-

ganic sludges is equally applicable to their bio-

sludges.

In this paper, we perform an experimental inves-

tigation of the constant-pressure expression of acti-

vated sludges, original and freeze/thaw conditioned.

Because of the discrepancy suggested by Kawasaki

et al. (1990, 1994) between the traditional combined

Terzaghi-Voigt model and the experiments, a modi-

®ed rheological model incorporating the bound

water erosion mechanism is proposed and the

resulting expression equation is solved analytically.

A form of asymptotic solution is derived from
which the model parameters are estimated and

interpretation given.

EXPERIMENTAL

Activated sludge samples taken from Neili Bread Plant,
Presidential Enterprise, Taoyuan, Taiwan were tested
within two hours after sampling. The COD and SS data
of the supernatant drawn from the sludge, measured via
EPA Standard Methods, were 18.8 and 1.0 mg/L, respect-
ively. The weight percentage of dried solid content
measured 0.6% (w/w). In another independent sludge test
employing sludge sediment, the corresponding weight per-
centage is 1.7% (w/w).
Freeze/thaw conditioning is an e�cient method of chan-

ging ¯oc structure and reducing the bound water content
in sludge (Lee and Hsu, 1994). We employed the same in
the present work to investigate the e�ects of such physical
conditioning on the corresponding expression character-
istics change. The sample is placed in a stainless steel
vessel measuring 25 cm in diameter, 0.15 cm thick and
25 cm high. The vessel is immersed for 48 h in a freezing
pool at a temperature of ÿ158C. Both the upper and lower
surfaces of the sample chamber are insulated, with the
result that the direction of heat transfer (the direction of
ice formation/migration) is along the radial direction.
Kawasaki and Matsuda (1993) have de®ned an average
freezing speed as the ratio between the radius of the
sample chamber and the time required for complete freez-
ing. The resulting average freezing speed is around
0.71 mm/s. The frozen sample was then thawed for 24 h at
room temperature. The freeze/thaw conditioned sludge is
hereinafter referred to as the ``conditioned sludge''. The
weight percentage of the conditioned sludge sample was
0.7% (w/w). True solid density data for the original and
conditioned sludges, measured by Accupyc Pycnometer
1330 (Micrometritics), were all approximately 1450 kg/m3.
The particle size distribution (PSD) was determined by a
Particle Sizer (Coulter LS230). The mean ¯oc diameters
for the original and the conditioned sludges are 130 and
440 mm, respectively. The ¯oc shape, observed by micro-
photographs (Micromeritics), is a fractal-like, loose aggre-
gate. After the freeze/thaw treatment, the ¯ocs are round
shaped with a more compact structure. The microphoto-
graphic observations are similar to those in Hung et al.
(1996) and, for brevity's sake, are not shown here.
Notably, these ¯ocs are highly fragile and largely tend to
break down during ®ltration and consolidation. The corre-
lation between the ¯oc size and shape information and the
sludge expression characteristics is therefore unclear.
Biological sludge during long time storage or expression

decomposes. Testing of original sludge is accomplished
within 2 (transportation) h + 2 to 4 (expression test) h, a
far shorter time period than that spent in Kawasaki et al.
(1990, 1994) (up to 44 h) and is one that has apparently
negligible e�ects on sludge characteristics.
For comparison, kaolin powders and clay powders

served as the particulate testing materials. Their particle
size distribution was determined by Sedigraph 5100C
(Micromeritics), with an addition of 0.5% w/w dispersant
(Darvan C, R. T. Vanderbuilt, Norwalk, CT) to maintain
the particles in a dispersed state. The distribution was
monodispersed and the mean particle diameter for the
kaolin and clay samples were approximately 2.3 mm and
4.5 mm, respectively. With a relative standard deviation of
less than 0.5%, true solid density was measured by a pyc-
ometer. The true density for kaolin was 2727 kg/m3 , and
for clay, 2584 kg/m3. The weight percentages for kaolin
and clay slurries were at 20% (w/w). A mercury pen-
etration test demonstrated that both particulate samples
were basically nonporous.
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A constant head piston press (Triton Electronics, type

147) was employed for all the expression tests. The testing

sludge (375 g for clay and kaolin tests and 350 g for sludge

tests) was placed in the inner stainless steel cylinder

measuring 7.62 cm in diameter, 20 cm high and covered

with a movable piston. A hydraulic pressure of 1000 psi

was then exerted on the piston to force the moisture out

through the lower drainage surface. The time evolution of

the ®ltrate weight was automatically recorded by an elec-

tronic balance connected to a personal computer. The re-

sidual moisture content of the cake in equilibrium with the

applied pressure was determined by weighing and drying

at the end of expression. This residual moisture may

include some physically adsorbed and most of the chemi-

cally bounded water content (Lee and Hsu, 1995).

Having the ®ltrate weight versus time data, and the in-

formation about the solid content and true solid density,

the porosity of cake can be subsequently obtained.

Notably, the bound water of a sludge would move

together with and should be considered a part of the solid

phase (Michaels and Bolger, 1962; Kawasaki et al., 1991;

Lee, 1994b). Since the biological particles are highly de-

formable, almost all the mechanically removable moisture

is exhausted on entering the equilibrium stage (Lee and

Hsu, 1995). Assuming that the residual moisture after ex-

pression is the bound water of the sludge (Lee, 1994a),

and that the bound water is a part of the particle phase,

the ®nal porosity of the cake (free water/(free water +true

solid + bound water)) should therefore be zero. However,

under varying compressive pressures the residual moisture

remained in the cake will be di�erent as well. Such an in-

terpretation of porosity leaves some ambiguity.

Nevertheless, employing this de®nition of porosity will

only shift the expression curves downwards. Such a shift

will not in¯uence the subsequent discussions on the model

parameters. The porosity curves shown in the subsequent

sections (Fig. 1) should serve for demonstration purpose

only. Direct comparison among the curves are not strictly

meaningful.

RESULTS AND DISCUSSION

General

Figure 1 illustrates typical expression curves. A

complete test actually consists of two stages: the ®l-
tration stage and the consolidation stage, denoted
by the symbols F and C in the ®gure. Shirato et al.

(1967) proposed a simple graphical method for
locating the transition point between the two stages.
Yeh (1985) employed an alternative method: a cer-

tain amount of gas was retained in the expression
chamber and this was then forced out through the
cake once the piston touched the cake surface. We
herein adopted Shirato's method, since the tran-

sition point can be easily determined graphically.
The obtained transition points are indicated by the
arrows in Fig. 1.

The expression stage can thereby be di�eren-
tiated from the ®ltration stage and is redrawn in
Fig. 2. The curve for the original activated

sludge is the farthest right one of all curves, in-
dicating a much higher resistance to expression
dewatering. This phenomenon is also commonly
found for other biological sludges (Lee, 1994b;

Lee and Lee, 1995). Freeze/thaw conditioning is
found to signi®cantly enhance the e�ciency of
the ®ltration stage (ranking ®rst in the ®ltration

stage), and to mildly enhance expression e�-
ciency (ranking third in the expression stage).
However, in this work we focus only on the ex-

pression stage. Interestingly, in activated sludge
experiments, the moisture removal rate after a
characteristics expression time y*

c suddenly drops.

This occurrence caused the porosity curve to
apparently intercept the line of zero porosity at
sharp angles. A rather rapid transition occurs
close to the zero porosity axis.

Fig. 1. Cake porosity versus time plot. P = 1000 psi. F:
®ltration stage; C: consolidation stage; E: ®nal constant-
rate period. Arrows indicate the transition points among

stages.

Fig. 2. ln(lÿUc) versus yc plot. P = 1000 psi. C: consoli-
dation period; E: ®nal constant-rate period. Arrows indi-
cate the transition of E region. Dashed lines are regression

line based on equation (1).
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As Fig. 2 illustrates, a linear ln(1ÿUc)ÿ yc
region appears after an initial decrease in Uc. This
con®rms the validity of employing equation 1 to
describe the expression characteristics of the sludges

employed in this work. Table 1 lists the best ®tting
coe�cients B and Z.
The B values for kaolin (0.082) and for clay

(0.38) demonstrate a relatively strong primary con-
solidation period (92% and 62% respectively). The

B value for the original activated sludge (0.55) is
larger than those for particulate systems, indicating
a relatively weaker primary consolidation for the

former. It is also interesting to note that a physical
conditioning such as freeze/thaw conditioning pro-
vides can destroy almost all primary consolidation,

as observed by the close to unity B value (0.89).
The corresponding Z values for activated sludge

systems are much smaller than for the particulate
systems. Therefore, the ease with which particle
creeping occurs in the following sequence: kaolin

(2)>clay(1)>conditioned sludge (4)>original
sludge (3). The constituent particles in the original
sludge cake exhibit a greater resistance to creeping

motion. Restated, disturbing the bonding between
particles is more di�cult. Freeze/thaw conditioning,

however, largely increases the mobility of the con-
stituent particles.
Table 1 also listed the coe�cient of consolidation,

the Ce value, found by the ®tting method proposed
by Shirato et al. (1967). The smallest Ce value for
the original sludge corresponds to the largest aav
value among these sludges. This value largely
increases for the conditioned sludge, in response to

a decrease in cake resistance (Lee and Hsu, 1994).
For particulate systems, the Ce of kaolin slurry is
greater than that of clay, re¯ecting less resistance to

expression in the former.
In particulate tests, such as the clay and kaolin

employed in this work, the expression reaches equi-
librium after the region C. However, as Fig. 2 illus-
trates, for biological sludges, original or

conditioned, a concave downward region exists
after the linear ln(1ÿUc)ÿ yc with a much higher
(constant) ®ltrate ¯ow rate than expected. Notably,

Kawasaki et al. (1990, 1994) also illustrated in their
Fig. 7 that the conventional combined Terzaghi-
Voigt model predicts the expression process well till

Uc=0.8. Above this consolidation ratio deviation
between the model and experiment occurs. This

®nal stage of expression is commonly observed in
biosludges that had been examined in our lab.

We indicate this period by symbol E in Fig. 1.

The arrows in Fig. 1 separating regions C and E,
are located by deviations from the linear relation-
ship in Fig. 2. If based on the total amount of

moisture removal, there is a fraction of approxi-
mately 10% for the original and 30% for the con-

ditioned sludges of the moisture expressed is
attributed to region E. Since the primary and the
secondary consolidations of expression of biological

sludge can be described by the traditional combined
Terzaghi-Voigt model, to take account of this ®nal

phase of expression, a modi®ed version of the com-
bined Terzaghi-Voigt model is employed in the sub-
sequent sections. The expression equation is derived

and solved analytically.

Model analysis

The mass balance of a liquid in an in®nitesimal
layer of cake at consolidation time yc can be stated
as follows (Shirato et al., 1977):

@e

@yc
� @u

@o
; �2�

where e, u are respectively the local void ratio and
the apparent ¯uid velocity relative to solid. We pro-

pose here that the constant-rate period E can be
described by the dynamics of a dashpot with a very
large viscosity attaching to the combined Terzaghi-
Voigt model (as demonstrated in Fig. 3). Therefore,

@e

@yc

� �
� @e

@Ps

� �
yc

@Ps

@yc

� �
o
� @e

@yc

� ��2�
Ps

� @e

@yc

� ��3�
Ps

�3�

The ®rst, second and third terms of RHS of

equation (3) represent respectively the primary, sec-
ondary and ternary consolidation stages.
De®ning the coe�cient of compressibility as
ÿ(@e/@Ps)yc=aE(=(1 + e)/E1) (Shirato et al., 1974),

we have:

@e

@Ps

� �
yc

@Ps

@yc

� �
o
� ÿaE @Ps

@yc

� �
; �4�

Fig. 3. Modi®ed rheological model employed in the pre-
sent work.

I. L. Chang and D. J. Lee908



which accounts for the spring e�ect in the Terzaghi

model. For the Voigt element, the following relation

is noted (Shirato et al., 1974):

@e

@yc

� ��2�
Ps

� @

@yc

�
aCZ

Z yc

0

fPs�o; t� ÿ Ps1g

expfÿZ�ycÿt�gdt
�
; �5�

where ac=(1 + e)/E2, Z the ratio E2/G2, Ps the local

compressive pressure, and Psi the initial pressure dis-

tribution within the cake. Finally, the response of

the bottom dashpot, whose coe�cient of viscosity is

G3, is determined by the following equation:

G3
@S3

@yc

� �
o
� fPs�o; yc� ÿ Ps1g; �6�

where S3 is the shear strain of the dashpot. With the

initial condition S3=0 at yc=0, the solution of

equation 6 can be easily obtained as follows:

S3�yc� � 1

G3

Z yc

0

Ps�o; t�dtÿ ycPs1

G3
: �7�

With the help of the relation between the shear

strain and the local void ratio, therefore, the follow-

ing derivative is obtained.

@e

@yc

� ��3�
Ps

� ÿ @

@yc
aG

Z yc

0

Ps�o; t�dtÿ ycPs1

� �� �
; �8�

where aG=(1 + e)/G3.

By combining equations (4), (5) and (8) into

equation (2), employing the Ruth-Sperry equation

and Leibnitz rule, the following partial di�erential

equation results:

@Ps

@yc
��bZ� g�Ps�o; yc�

ÿbZ2
Z yc

0

Ps�o; t� expfÿZ�yc ÿ t�gdt

ÿfbZ exp�ÿZyc� � ggPs1 � Ce
@2Ps

@o2
�9�

where Ce=1/mrsaavaE, aav the average speci®c re-

sistance of cake during consolidation, g the ratio

aG/aE=E1/G3, b the ratio aC/aE=E1/E2, and m and

rs are ®ltrate viscosity and solid phase density, re-

spectively. The initial and the boundary conditions

are as follows:

Ps �Ps1; 0 � o � o0

i
; yc � 0; �10a�

Ps �P;o � 0; yc > 0; �10b�
@Ps

@o
�0;o � o0

i
; yc > 0 �10c�

P is the applied pressure, i, number of drainage sur-

face, and o0, the cake volume per unit area of ®lter

surface.

Equation (9) with the conditions in equation (10)

can be solved by Laplace Transform. The details

and the associated parameters are given in the

Appendix. The solution is as follows:

Ps�o; yc� �P
 
1ÿ �D11 exp�l11yc�

�D21 exp�l21yc�� sin p
2

io
o0

� �!
�11�

Notably, the solution for Ps is in exactly the same

form as that for traditional combined Terzaghi-

Voigt model proposed by Shirato et al. (1974),

except that the parameter g is incorporated in the

parameters l11 and l21 (and also D11 and D21).

Apparently, if g is approaching zero, or equivalently

the bottom dashpot is turned o�, the solution for

Ps reduces to that in Shirato et al. (1974).

The resulting cake thickness can therefore be

obtained as follows:

L1ÿL �
Z o0

0

�e1 ÿ e�do

� 2aEPo0

pi
f1ÿD11 exp�l11yc�ÿD21 exp�l21yc�g

� 2aCPo0

pi

(
1�

�
ZD11

Z� l11
� ZD21

Z� l21

ÿ 1

�
exp�ÿZyc�

ÿ ZD11

Z� l11
exp�l11yc� ÿ ZD21

Z� l11
exp�l21yc�

)

� 2aGPo0

p

(
yc ÿD11

l11
exp�l11yc�

�D11

l11
ÿD21

l21
exp�l21yc� �D21

l21

)
: �12�

From Table 1, we observe that if p2/4 � i2Ce/o2
0wZ

(a much lesser rate for secondary consolidation

than that for primary consolidation), and a very

small g (a relatively very viscous bottom dashpot),

then l114ÿ p2/4 � i2Ce/o2
0, l214ÿ Z,D1141,D2140,

ZD11/Z + l1140 and ZD21/Z+ l21 41, the solution

in equation (12) can be simpli®ed as follows:

L1 ÿ L � 2Po0aE
pi

"�
1ÿ exp ÿ p2i2Ce

4o2
0

yc

� ��
� bf1ÿ exp�ÿZyc�g

�ig
�
yc � 4o2

0

p2i2Ce
exp ÿ p2i2Ce

4o2
0

yc

� �
ÿ 1

� ��#
:

�13�
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As consolidation time is large enough to make the

exponential terms in equation (13) become negli-

gible (p2i2Ce/4o2
0ycwZyc> say, 5), and noting the

previously made assumption p2/4 � i2Ce/o2
0wZ,

equation (13) approaches the following linear re-

lationship:

L1 ÿ L � 2Po0aE
pi

�1� b� igyc�: �14�

That is, the cake thickness decreases with the conso-

lidation time, as was found for the period E.

In practice the consolidation cannot last forever

and will cease when all removable moisture has

been forced out. A characteristic consolidation time

y*
c can be de®ned to signal the end of the consolida-

tion. Then the ®nal thickness can be found as:

L1 ÿ Lf � 2Po0aE
pi

�1� b� igy�c �: �15�

Let K= 1+ b + igy*
c, combine equation (13) and

(15), resulting in the following relation for the con-

solidation ratio:

Uc � L1 ÿ L

L1 ÿ Lf
� �1ÿ Bÿ F�

�
1ÿ exp ÿp2i2Ce

4o2
0

yc

� ��
� Bf1ÿ exp�ÿZyc�g

�F
�
yc
y�c
� 4o2

0

p2i2Cey�c
exp ÿ p2i2Ce

4o2
0

yc

� �
ÿ 1

� ��
; �16�

where B = b/K and F= igy*
c/K. The ®rst and sec-

ond brackets in equation (16) account for the pri-

mary and the secondary consolidation processes

discussed in Shirato et al. (1974); while the third

bracket is for the bottom dashpot. In the present

work the second term in the last bracket is notably

much smaller than the ®rst term except at the com-

mencement of consolidation. The ternary consolida-

tion is therefore mainly determined as U(3)
3 =Fyc/y

*
C.

During the intermediate stage where p2i2Ce/
4o2

0ycw5>Zyc, equation (16) becomes

Uc � �1ÿ F� ÿ B exp�ÿZyc�; �17�
which will reduce to equation (1) if parameter F is
much smaller than unity (g 4 0). Under yc41
limit, equation (16) becomes:

Uc � �1ÿ F� � F

y�c
yc; �18�

which is the ®nal constant-rate consolidation
period.

Parameter estimation of biological sludges

The procedures for parameter estimation are as

follows. First, estimate the parameters F and y*
c

from the ®nal phase data in region E in Fig. 2
based on equation (18), as demonstrated in Fig. 4.

The best ®tted parameters are also listed in Table 1.
Notably parameter F is not necessarily much smal-
ler than unity, which places the corresponding B
and Z values estimated based on equation 1 in ques-

tion.
The parameter F is then substituted into

equation (17) to estimate corrected parameters B

and Z from the intermediate period of experimental
data. Figure 5 depicts the ln(lÿ FÿUc)ÿ yC plot.
A satisfactory linearity is also observed for the in-

termediate period of the experimental data. The
best-®tted B and Z values are listed in Table 1. The
newly found Z values have doubled and acquired in

the same order as those for kaolin and clay systems,
indicating an underestimation of the creeping e�ect
derived from equation 1. The change in B values is
less signi®cant.

Fig. 4. Uc versus yc plot. P = 1000 psi. C: consolidation
period; E: ®nal constant-rate period. Arrows indicate the
transition of E region. Dashed lines are regression line

based on equation (18).

Fig. 5. ln(lÿ FÿUc) versus yc plot. P = 1000 psi. C: con-
solidation period; E: ®nal constant-rate period. Dashed

lines are regression line based on equation (17).
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Integration of equations (4), (5) and (8) with

respect to consolidation time over the interval [0,
y*
c] can yield a void ratio change during consolida-
tion. The parameters B and F therefore represent

respectively the fractions of moisture removed by
secondary and ternary consolidation. The remaining
fraction 1ÿ Bÿ F, by de®nition, is contributed by

primary consolidation.
The relative moisture removal for primary, sec-

ondary and ternary consolidation (1ÿ Bÿ F, B, F)
are (0.29, 0.58, 0.13) for original sludge, (0.04, 0.64,
0.32) for conditioned sludge, (0.62, 0.38, 0) for clay

slurry, and (0.92, 0.089, 0) for kaolin slurry.
Primary consolidation is the major dewatering
mechanism for particulate systems; with kaolin

slurry (intermediate compressible) more than 90%,
and with clay (highly compressible), 60% of moist-

ure is moved. The corresponding percentage of
moisture removed from original sludge is somewhat
lower (30%), while freeze/thaw conditioning further

reduces it to around 4%.
For the secondary consolidation, the percentage

of moisture removal is 58% for original and 64%

for conditioned sludges. This is contrary to the con-
clusion indicated by the parameters estimated by

equation 1 stating that the value of B largely
changes from 55% to 89% after conditioning. The
ternary consolidation is 13% for original and 32%

for conditioned sludges. At a ®rst glance it seems
strange for a conditioned sludge to exhibit a rela-
tively larger contribution by ternary consolidation.

The total amount of moisture removal during the
consolidation period are 11 g, 12.6 g, 36.8 g, and

5.5 g for clay, kaolin, original, and conditioned
sludge, respectively. The amount (g) of moisture
removal during ®rst, second and ternary consolida-

tion periods becomes (10.7, 21.3, 4.8) for original
sludge, (0.22, 3.5, 1.8) for conditioned sludge, (6.8,
4.2, 0) for clay slurry, and (11.6, 1.0, 0) for kaolin

slurry. It is clear, therefore, with freeze/thaw con-
ditioning that the total moisture removal during all

the three consolidation periods is greatly reduced.
The relatively higher ternary consolidation for con-
ditioned sludge is attributed to the even greater in

decrease during both the primary and secondary
consolidation periods.
From the obtained F and B values, the parameter

b can be calculated. The value for original sludge is
approximately 2, giving E1=2E2. Based on the par-

ameters F and y*
c, the parameter g can be also calcu-

lated and listed in Table 1. In kaolin and clay tests,
no ternary consolidation period exists, while the cor-

responding g values are by de®nition zero. For the
original sludge, the parameter g is of small value
(8�10ÿ5), indicating a very large G3 and con®rming

the previously assumed highly viscous dashpot.
(Notably, Z is 1.1�10ÿ3, thereby giving G3=25G2).

Following freeze/thaw conditioning, the parameter g
largely increases, up to the same order of Z, indicat-
ing a lowering of dashpot viscosity. The correspond-

ing b value is about 15, therefore giving an E1=15E2.
As a result, G3 is now reduced to approximately 11G2

(a still much higher viscosity, nevertheless).
Although four parameters are involved in the

rheological model (E1, E2, G2, G3), only three rela-

tive values are available (b, Z, g). Their relative im-
portance can be found as follows. Take the spring
rigidity E1 as unity for various sludges as a refer-

ence. (Note: the E1 for various sludge systems dif-
fers markedly. It is the relative signi®cance between
the other three parameters are of concern here.)

The corresponding (E2, G2, G3) are (0.5, 460, 12300)
for original sludge, (0.066, 29.5, 333) for con-
ditioned sludge, (1.7, 700, 1) for clay slurry, and
(11.2, 3970, 1) for kaolin slurry. A comparison of

the relative importance between model parameters,
or the qualitatively rheological characteristics, indi-
cates that the original sludge behaves somewhat like

the clay slurry, which is a highly compressible ma-
terial. The rigidity E2 (viscosity G2) of kaolin is
much higher (lower) than that of other sludges,

thereby giving a relatively faster (slower) primary
consolidation (secondary consolidation). The con-
ditioned sludge, on the other hand, exhibits beha-

vior less similar to a particulate system than
original sludge.
In some previous studies, in some respects, the

freeze/thaw conditioned sludge is found to be more

like a particulate system than a ¯oc system, for
example, the characteristics of free-settling (Lee et
al., 1996), zone settling (Chen, et al., 1996b), ¯oc

structure (Lee, 1994a, Lee and Hsu, 1994) and the
corresponding bound water content (Lee, 1994b,
Lee and Lee, 1995, Chen et al., 1997). In this study,

the change in expression characteristics seems to
lead to a contrary conclusion. Some interpretation
will be attempted in the next section.

Ternary consolidation

Primary consolidation, it has been proposed, is

dominated by the dissipation of excess pore water
and the collapse of cake global structure. Most of
the easily removed moisture, including some intersti-

tial water among and within ¯ocs, is removed during
this stage. The secondary compression is usually
interpreted as the constituent particles readjusting
into a more stable con®guration, the rate of which is

mainly controlled by a highly viscous ®lm of
adsorbed water surrounding the surfaces of the con-
stituent particles (Craig, 1993). Most interstitial

water should be removed during this stage. The
mechanism of the ternary consolidation, as identi®ed
in the present work, has not yet been fully investi-

gated, a fact which merits some further discussion.
It might be of interest to examine the possible

role of solid concentration in relation to activated

sludge expression characteristics. The ®nal sludge
thickness of the original sludge is about 4 mm,
while for freeze/thawed sludge it is about 2.5 mm.
Another sample, a sediment of an activated sludge,
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is tested to examine this point. Its solid concen-

tration is 1.7% (w/w), about three times that of the

activated sludge previously discussed. The ex-

pression data are depicted as curve #5 in Figs 1, 2,

4 and 5. The expression time lasts for four h, while

the ®nal consolidated cake thickness is 12.5 mm, in-

dicating a larger amount of bound water contained

in this sample. However, the basic characteristics

are the same as the sludge with lower solid concen-

tration. Its (B,Z,F) = (0.99, 0.00041, 0.36), re¯ecting

a higher B and F, and a lower creeping factor. As a

result, the solid concentration has generally not

in¯uenced the behavior of the consolidation process

for activated sludge.

The pressure distribution can be approximately

stated as follows:

Ps�o; yc� � P 1ÿ exp ÿ p2i2Ce
4o2

0

yc

� �
sin

p
2

io
o0

� �� �
;

�19�
which approaches a uniform distribution of P over

the whole cake as yc is large. That is, the pressure

distribution within the cake changes mainly during

primary and secondary consolidation, but remains

constant in the ternary consolidation period.

Accordingly, for ternary consolidation, the press-

ure-drop driven ¯ow should not be the major dewa-

tering mechanism. Neither is any serious particle

migration (creeping) to be expected; this should lar-

gely be accomplished during the secondary consoli-

dation period.

Owing to the nonexistence of a ternary consolida-

tion period for the expression of particulate systems

(clay and kaolin), the strong correlation between

the parameter g and the freeze/thaw conditioning

(original and conditioned sludges), and to the com-

paratively very large coe�cient of viscosity of the

bottom dashpot (G3), we hypothesize a possible

mechanism corresponding to this stage of consoli-

dation which involves deformation and compression

of the constituent biological particles, accompanied

with the erosion of adsorbed water on the surface

of the particles or of the internal water within the

biological materials. (Note: this erosion should

occur all along the expression process and depend

on the local compressive pressure that exerted. The

rate of erosion becomes signi®cant when both pri-

mary and secondary consolidation have accom-

plished, where the compressive pressure within the

cake has reached a uniform, maximum value.) For

sludges without a large amount of internal water,

the role of a bound water erosion mechanism is

negligible. For activated sludges, the binding

strength between strongly bound moisture and the

solid phase can range from several tens to several

thousands kJ/kg (Lee and Lee, 1995), and the rate

of erosion should be slow in giving a very high vis-

cosity to the dashpot. The freeze/thaw conditioning

will generate aggregates with a more compact struc-

ture and less internal water (Lee and Hsu, 1994),

with which a cake with less interaggregate void
volumes during ®ltration stage forms. No global
structure change (and thereby almost no primary

consolidation) occurs. Creeping of particles also
becomes easier since the resulting particles are
round-shaped and are less compressible (Lee and

Hsu, 1994). During the ternary consolidation
period, since the freeze/thaw conditioning largely

weakens the binding strength between moisture and
the solid phase (Lee and Lee, 1995), a lower G3 and
higher F values are observed. We can thereby con-

clude that the constituent particles are still more
alike common particulate particles (less compressi-
ble, more compact structure, and less internal

water). However, owing to the global cake structure
created during the ®ltration stage is much tighter
than that for the original sludge, the primary conso-

lidation is almost invisible and makes the whole
consolidation characteristics seem quite di�erent

from the particulate systems.
To sum up, the physical picture of expression of

biological sludge is speculated as follows. When

external pressure is applied to the sludge cake, the
global cake structure formed during the ®ltration

stage collapses accordingly and the (pore) interstitial
water escapes with a rate controlled by Darcy's law.
This stage is followed by a stage during which the

constituent particles migrate to a more stable state.
The motion of these particles requires to overcome
the shear stress induced by the highly viscous, sur-

face adsorbed water. The replacement will extrude
more interstitial water and maybe some surface
water. When all particles have attained their maxi-

mum stable states, the pressure distribution over the
cake has become constant while the expression of

common particulate systems reaches equilibrium.
Nevertheless, for biological sludges with a large
amount of internal water, there is a ternary consoli-

dation period during which part of the strongly
bound surface and internal water is released and
forced out. The corresponding very large viscosity in

the model parameters indicates the slow erosion rate
of the moisture. For original sludge, the initial cake

structure is loose and will collapse during primary
consolidation. For the conditioned sludge, however,
the initial cake structure is more compact which

thereby removes primary consolidation.
The applicability of the present model should not

consider con®ned to merely the original and freeze/

thaw conditioned activated sludges discussed herein.
Actually, we believed such a stage exists in other

systems containing a large amount of bound water,
such as polymer ¯occulated activated sludges.
(Note: No such ternary expression stage is found

for polymer ¯occulated, or alum coagulated clay
slurries, in which not much bound water exists
(Chang et al. 1997a,b).) Further research works are

required to examine the applicability of the present
model onto other sludges.
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CONCLUSIONS

Expression characteristics of the original and
freeze/thaw conditioned waste activated sludges
were evaluated experimentally. Results in this study

indicate that the primary and secondary consolida-
tion periods of these biological sludges are similar
to a particulate system, on which the combined

Terzaghi-Voigt model analysis by Shirato et al.
(1974) can be employed as a ®rst approximation.
Following these two periods, however, an unex-

pected constant-rate consolidation period is
observed. A modi®ed combined Terzaghi-Voigt
rheological model is proposed to describe the void
ratio-compressive pressure relation of the sludge

cake, for which the governing equation is derived
and solved analytically. Model parameters are eval-
uated by ®tting the experimental data. A discussion

on the relative rheological structure for various
sludges during consolidation is made. The bound
water erosion is speculated as the cause for the so-

called ternary consolidation.
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APPENDIX

Analytical solution of equation (9) in the text is given in
this Appendix via Laplace transform. Only key equations
are given for brevity sake.

Take Laplace transform of equation (9) on yc domain,
with the help of initial condition equation (10a), leads to
the following result:

@Ps

@o2
ÿ A2Ps�o; s� � A2

s
Psi�o� � 0 �A1�

where

A2 � s2 � sZ� bsZ� gs� gZ
Ce�Z� s� : �A2�

The corresponding boundary conditions equation (10b)
and (10c) had become:

Ps�0; s� �P

s
�A3�

@Ps

o0

i
; s

� �
@o

�0 �A4�

The solution of equation (A1) with conditions equations
(A2) and (A3) can be found as follows:

Ps�o; s� �P

s
cosh�Ao� � 1

A
sinh�Ao� @Ps�0; s�

@o

ÿ A

s

Z o

0

Psi�x� sinhfA�oÿ x�dx: �A5�

With the help of equation (A4), equation (A5) can be
further reduced into:

Ps�o; s� � 1

s � cosh Ao0

i

� �"P � cosh Ao0

i
1ÿ io

o0

� �� �

�A

Z o0
i

0

Psi�x� sinh�Ao� cosh Ao0

i
1ÿ ix

o0

� �� �
dx

ÿA

Z o

0

Psi�x� cosh Ao0

i

� �
sinhfA�oÿ x�gdx

#
: �A6�

The solution on yc domain can be found via inverse
Laplace transform as follows:

Ps�o; yc� �
X1
n�1

r�sn�
q0�sn� exp�snyc� �A7�

where

r�s� �P cosh
Ao0

i
1ÿ io

o0

� �� �

� A

Z o

0

Psi�x� sinh�Ax� cosh Ao0

i
1ÿ io

o0

� �� �
dx

� A

Z o0
i

o
Psi�x� sinh�Ao� cosh Ao0

i
1ÿ ix

o0

� �� �
dx �A8�

and

q�s� � s cosh
Ao0

i

� �
�A9�

s is the solution putting q(s) = 0, thereby giving:

s0 �0 �A10�
sn �ÿ l1n;ÿl2n; n � 1; 2; : : : �A11�

where

fl1n; l2ng� ÿ 1

2
Z� bZ� g� �2nÿ 1�2p2i2Ce

4o2
0

� �

2
1

2

�������������������������������������������������������������������
Z� bZ� g� �2nÿ 1�2p2i2Ce

4o2
0

� �2
s

ÿ 4 gZ� Z�2nÿ 1�2p2i2Ce

4o2
0

� �
�A12�

The solution of Ps becomes:

Ps�o; yc� � Pÿ
X1
n�1

�
4P

�2nÿ 1�pÿ
2i

o0Z o0=i

0

Psi�x� sin �2nÿ 1�p
2

ix
o0

� �
dx
�

�fD1n exp�ÿl1nc� � D2n exp�ÿl2nyc�g

sin
�2nÿ 1�p

2

io
o0

� �
�A13�

where

D1n � �l1n ÿ Z�2
l1nf�l1n ÿ Z�2 � bZ2g �

�2nÿ 1�2p2

4
� i

2Ce

o2
0

�A14�

D2n � �l2n ÿ Z�2
l2nf�l2n ÿ Z�2 � bZ2g �

�2nÿ 1�2p2

4
� i

2Ce

o2
0

�A15�

Shirato et al. (1974) had adopted a sine form of initial
pressure distribution where Ps1=P{1ÿ sin(p/2 � io/o0)},
equation 13 can thereby be rearranged into the following
form:

Ps�o; yc� �P

�
1ÿ

X1
n�1

�D1n exp�l1nyc�

� D2n exp�l2nyc�� sin �2nÿ 1�p
2

io
o0

� ��
�A16�

Notably all l s are negative and the magnitudes of their
absolute values grow fast with increase in n. Take only
n= 1 terms can describe system dynamics well except at
the very beginning of an expression test, which gives
equation 11 in the text.
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